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ABSTRACT

Sensor networks consist of many small sensing devices that mon-
itor an environment and communicate using wireless links. The
lifetime of these networks is severely curtailed by the limited bat-
tery power of the sensors. One line of research in sensor network
lifetime management has examined sensor selection techniques, in
which applications judiciously choose which sensors’ data should
be retrieved and are worth the expended energy. In the past, many
ad-hoc approaches for sensor selection have been proposed. In this
paper, we argue that sensor selection should be based upon a trade-
off between application-perceived benefit and energy consumption
of the selected sensor set.

We propose a framework wherein the application can specify the
utility of measuring data (nearly) concurrently at each set of sen-
sors. The goal is then to select a sequence of sets to measure whose
total utility is maximized, while not exceeding the available en-
ergy. Alternatively, we may look for the most cost-effective sensor
set, maximizing the product of utility and system lifetime.

This approach is very generic, and permits us to model many ap-
plications of sensor networks. We proceed to study two important
classes of utility functions: submodular and supermodular func-
tions. We show that the optimum solution for submodular func-
tions can be found in polynomial time, while optimizing the cost-
effectiveness of supermodular functions is NP-hard. For a practi-
cally important subclass of supermodular functions, we present an
LP-based solution if nodes can send for different amounts of time,
and show that we can achieve an O(logn) approximation ratio if
each node has to send for the same amount of time.

Finally, we study scenarios in which the quality of measurements
is naturally expressed in terms of distances from targets. We show
that the utility-based approach is analogous to a penalty-based ap-
proach in those scenarios, and present preliminary results on some
practically important special cases.
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1. INTRODUCTION

Sensor networks consist of many small sensing devices that mon-
itor an environment and communicate using wireless links. The
limited energy of sensor nodes curtails the lifetime of sensor net-
work deployments. Therefore, a large body of literature has exam-
ined methods for extending sensor network lifetime by carefully
managing communication and computation resources.

One thread has focused on techniques to maximize sensor net-
work lifetime by using routing or topology control [1, 2, 3, 4, 5, 6,
7, 8]. Somewhat orthogonal to this thread is the approach of asking
which and how much data can be collected over the lifetime of a
network. Work on this question is usually centered around one of
two paradigms: (1) Maximize the total amount of data collected, or
(2) Collect data from all sensors for as long as possible. The first
of these assumes that all data is equally interesting or important to
the application. In particular, optimizing for the total amount of
data will give undue preference to data measured close to a base
station, as that data can be extracted at relatively low cost. On the
other hand, the second objective is based on the assumption that
data collection is only worthwhile if data from all sensors is being
collected, and as soon as one node’s energy is depleted, the network
may as well not collect any data.

Clearly, both approaches are oversimplifications of reality. Which
data is useful depends heavily upon the specific application and its
needs. In many cases, individual sensor readings will be of little
use; the appeal of sensor networking lies in the ability to aggregate
and correlate sensor readings from different locations. In other sce-
narios, readings from a group of proximate sensors may be consid-
ered redundant, and it would suffice to obtain a reading from one
of them.

In this paper, we argue that the algorithms for deciding which
data to retrieve should be sufficiently generic to let the application
specify how useful particular measurements are. We call the useful-
ness of a concurrently measured sensor set S its utility u(S). Given
a network topology and application-specified utility function u(-),
it is then the algorithm’s decision how to trade off the utility and
energy consumption of sensor sets in an optimal way, and maxi-
mize the total utility extracted from the network until the network
ceases to function. Such a utility-based sensor selection approach
has also been proposed recently by Byers and Nasser [9].



Ideally, one would like to be able to find an (approximately) op-
timal sequence of sets and associated communication scheme to
measure for arbitrary monotone utility functions. This goal seems
very ambitious: as we show, the problem of selecting an optimal
sequence of sets is NP-hard in many settings. In this paper, we
explore three natural and practically important classes of utility
functions in more detail. Specifically, we focus on submodular
functions (with returns for additional sensors diminishing for larger
sets), supermodular functions (with returns increasing for larger
sets), and a general framework of geometric covering objectives.
In the latter case specifically, we show that the utility-based ap-
proach is analogous to a penalty-based approach that characterizes
the penalty of a sensor set as its collective distance from the targets
to be measured.

We show that the optimum sequence of sets for submodular func-
tions can be found in polynomial time, while optimizing the cost-
effectiveness of supermodular functions is NP-hard. For a practi-
cally important subclass of supermodular functions, we present an
LP-based solution if nodes can send for different amounts of time,
and show that we can achieve an O(logn) approximation ratio if
each node has to send for the same amount of time. Finally, for ge-
ometric covering objectives, we show that finding the best sensor
set is NP-hard, and unless P=NP, the optimum solution cannot be
approximated to within better than a multiplicative factor of 1.822.

The paper is structured as follows. Section 2 formally describes
the utility-based sensor selection problem. Sections 3 and 4 then
examine the feasibility of solving several variants of the utility-
based sensor selection problem for submodular and supermodular
functions. Section 5 discusses geometric coverage objectives. Fi-
nally, Section 6 discusses related work and Section 7 summarizes
our contributions.

2. NETWORK AND PROBLEM SETUP
2.1 Network Model

Formally, our network model can be described as follows. The
network is considered as a directed graph G = (V,E) withn = |V|
nodes including a special root node r € V. Each non-root node v
has a finite initial energy Ey. If node v is to sense data, it incurs
a sensing cost oy. To transmit data along the link e = (v,w) € E,
node v incurs a transmission cost of Te per unit of data. The total of
sensing cost and transmission cost may not exceed a node’s energy.
When the two are equal, we say that the node’s energy is depleted.

This network model is consistent with current practice in sen-
sor network deployment. Most existing deployments, including the
James Reserve habitat monitoring network [10], the Great Duck Is-
land network [11, 12], and the Extreme Scaling network [13] are
tiered: they consist of a large number of small battery-powered

motes, sending data (perhaps after some local processing) to a smaller

number of well endowed upper-tier 32-bit embedded nodes (e.g.,
Stargates). The small-form-factor motes are most often battery
equipped, and thus constrain the system lifetime, while the upper-
tier nodes are much more powerful, and rarely impose additional
constraints. For our purposes, this means that once data has reached
the upper-tier, it can be extracted from the network. This allows us
to consider all upper-tier nodes as one base station or root, for the
purposes of theoretical treatment.

This network model is also consistent with at least one proposed
sensor network architecture [14]. That architecture proposes to
place application-specific functionality in the upper-tier nodes. Ap-
plications can generically task collections of motes. Each mote
senses the environment, processes the sensed data as specified in a
task, and returns the data to an upper-tier node. Indeed, our problem

formulation is motivated by this architecture: applications may use
our utility-based sensor selection framework to determine which
set(s) of sensors to task.

2.2 Utility-Based Sensor Selection

We are now ready to characterize the optimization problem of
utility-based sensor selection. In addition to the network with costs
and initial energies for nodes, we are given a monotone utility func-
tionu:2¥ — RT. The meaning of this function is that if all nodes of
S are measured (nearly) concurrently, then the application derives
a benefit of u(S) from this measurement. The goal is to calculate a
sequence of measurements to give the maximum total benefit until
the sensor nodes’ energy is depleted.

Utilities naturally capture application requirements in many prac-
tical sensor network scenarios. For example, in a beam-forming
application, a non-collinear set of sensors has a higher utility than
one that is collinear. In a surveillance application, a set of (approx-
imately) evenly spaced sensors around the periphery of the sensed
area has a higher utility than a clustered set of sensors in one corner
of the sensed area. In a structural monitoring application, a set of
sensors in which none are on the nodes (nulls in the structural mode
shapes) has a higher utility than a set where some are.

More formally, a feasible solution consists of a collection .7 =
{S1,...,Sk} of subsets of V to be measured, with a non-negative
amount of data tj to be transmitted from each set S;. In addition, the
solution must specify a flow f of value 3., tj from each node v
to the root node r, such that the total cost of flows and sensing does
not exceed any node’s energy. (This flow captures the delivery of
all relevant data from node v to the root.) The goal is then to find a
feasible solution of maximum total utility.

We can state this as a linear program (with exponentially many
variables) as follows. For each set S CV, we have a variable tg
specifying the amount of data sent from S to the root. (Here, we
denote by & (v) and 5~ (v) the set of outgoing and incoming edges
of v, respectively.)

Maximize ysoy U(S)-ts
subjectto  Yecsi(v) fe—Jecs (v fe =
Yecst(v) Tefe+ YsvesOuts < Ey

The first constraint characterizes flow conservation: at every node,
the total amount of flow leaving exceeds the amount entering ex-
actly by the amount of data that the node itself is sending. The
second constraint simply states that the total of transmission and
sensing cost for no node exceeds the available energy.

Notice that the LP formulation does not contain a “time” com-
ponent. Indeed, the order in which the sets transmit their data does
not affect the total utility derived from a sequence. It is also not dif-
ficult to see that the flow f can be decomposed into different flows
£S for each sending set S, while keeping the total amount Sscv fS
transmitted along any link e the same as fo. Hence, we are justified
in considering the simplified formulation above.

We term the problem as formalized above the Utility-based Sen-
sor Selection Problem (USSP). Notice that the formulation is very
similar to that proposed by Byers and Nasser [9], but the focus of
our work is significantly different from theirs (Section 6). Several
natural variants of the problem may be of practical importance:

Ysvests W#T
YV #T.

e Inthe Integral Utility-based Sensor Selection Problem (IUSSP),
all data transmission amounts tg are required to be integral.
This variant is important in applications which require data
collection in discrete data units (for example, [15] describes
a scenario in which a structure’s response needs to be sam-



pled for no less than 1 second at high enough frequency in
order to have enough samples to compute a FFT).

e Inthe Utility-based One Set Sensor Selection Problem (UOSSP),

the amount of data is allowed to be positive for at most one
set, i.e., we are interested in collecting data only from one
set. This case is of importance in determining the set with
the best utility-to-energy tradeoff.

o Naturally, the previous two variants can be combined, by re-
quiring that only a single set transmit data, and do so for an
integral amount of time. We then obtain the Integral Utility-
based One Set Sensor Selection Problem (IUOSSP).

Notice that even the LP for the basic USSP problem is unlikely
to be solvable explicitly for arbitrary utility functions, due to its
exponential size. Indeed, even specifying a utility function com-
pletely would require giving a value for each set S, and thus space
exponential in the number n of sensors. These two observations
motivate studying restricted classes of utility functions of practical
importance. In the following sections, we investigate more closely
submodular and supermodular functions, as well as utility func-
tions applicable to geometric coverage settings.

3. SUBMODULAR UTILITY FUNCTIONS

In game theory, submodular functions are frequently studied as a
natural restriction of utility functions [16]. Recall that a function u :
2V — R is submodular if u(S;US) +u(S1NSp) < u(Sy) +u(Sz)
for all sets S1,S,. The practical importance of submodular func-
tions is more evident from an equivalent characterization: u is sub-
modular if and only if u(S1 +v) —u(S1) <u(Sz +v) —u(S,) forall
sets S, C Sp and elements v ¢ S,. This inequality captures the idea
of “diminishing returns”: the benefit of adding the element v to a
set is non-increasing as the set that v is added to increases. In sensor
networks, utility functions will be submodular if the data measured
by different sensors is (partially) redundant; it will cease to be so if
multiple measurements yield superlinear benefit.

For example, when sensors are deployed for measuring the av-
erage temperature, one natural notion of utility is the expected re-
duction in variance of the estimate of average temperature. Under
some natural assumptions, this function is submodular. In order to
maximize the system lifetime utility, one will then be trading off
accuracy in the estimate against taking measurements for a longer
time.

In this section, we show that USSP can be solved in polynomial
time for arbitrary submodular functions. The key observation is
that, without loss of generality, an optimal solution never measures
two sensors at the same time. This observation then allows us to
reduce the size of the linear program to polynomial, and solve it
explicitly.

LEmMMA 1. Without loss of generality, the optimum solution to
USSP only retrieves data from singleton sets, i.e., ts= 0 for all
non-singleton sets S.

Proof. Let ((ts),(fe)) be an optimal solution for USSP, and as-
sume that the set S = {v1,Va,..., v} (with k > 2) transmits ts > 0
amount of data. Consider a solution which sets t’S =0, and instead
increases t%vi} =ty s fori=1,...,k. Each node v in the new
solution still needs to transmit the same total amount of data as be-
fore, so f is still a valid flow, and the new ((t5), (fe)) is a feasible
solution.

From the diminishing returns property, we can inductively derive
that u(S) < 3X ; u({vi}), and as the tg values for all other sets S’

remain unchanged, the total utility of the solution changes by ex-
actly ts- (Y, u({vi}) —u(S)) > 0. In particular, the new solution
is at least as good as the original one. By continuing in this way,
we eventually arrive at a feasible solution in which only singleton
sets have non-zero amounts of data transmitted, and which has at
least the same total utility. [ |

Based on the observation in the lemma, we can remove all vari-
ables for non-singleton sets from the LP for USSP, arriving at the
following modified LP:

Maximize  yyey u({v})-ty
subjectto  Yecsr(v) fe—Yecs (v fe =
Yecs+(v) Tefe+ Outy < Ev W#r

This new LP has polynomial size, and can thus be solved ex-
plicitly in polynomial time. Notice also that it is enough for the
application to specify the utilities of singleton sets. Thus, our ob-
servation allows us to circumvent the problem of needing exponen-
tial space to describe the utility function completely — a complete
description is not necessary to find the optimum solution.

4. SUPERMODULARUTILITY FUNCTIONS

Supermodularity in a sense captures the opposite of submodular-
ity: the benefit of individual nodes is larger as they are added to an
already larger set; more generally, the benefit from combining two
(disjoint) sets is at least as large as the sum of the individual bene-
fits. Formally, we say that a function u: 2¥ — R is supermodular
if U(S;US») +Uu(S1NSy) > u(Sy) + u(Sy) for all sets S1,S, C V.
In sensor network applications, supermodular functions will occur
when the application requires the combination of diverse data mea-
sured (nearly) simultaneously.

For example, in an aquatic monitoring application, sensors of
different types (temperature, light, chlorophyll, ...) may be de-
ployed in an expanse of water. An application may be interested
in a correlated measurement of all light sensors, a correlated mea-
surement of all sensors at depth 10ft, and a measurement of all
sensors that had measured a certain phenomenon the previous day.
Naturally, there may be overlap between these sets: for instance, a
light sensor may be at a depth of 10ft, and have measured the phe-
nomenon the previous day. If the application is such that missing
even one of the relevant sensors makes the measurement (nearly)
useless, for instance because correlations are to be analyzed in de-
tail, then the utility derived from a particular set S is simply the
number of categories (light, 10ft, phenomenon) that are completely
contained in S. This function is supermodular - in fact, it is a spe-
cial case of the category of set-weighted functions studied in more
detail below.

Notice that a function can be submodular and supermodular at
the same time; this happens exactly when the function is of the
form u(S) = Yyesu({v}), i.e., the utility of any set is simply the
sum of utilities of the individual elements in the set. Though one
can solve the same LP used for the sub-modular case here, notice
that the resulting optimum singletons can be combined freely to get
another optimum solution.

The property of supermodularity allows us to infer an interesting
property of the optimal solution: without loss of generality, the
sending sets are nested. In other words, if S1,S; are sets sending
data, then either S; C S5, or So C S3.

LEMMA 2. Without loss of generality, the optimum solution for
USSP with a supermodular utility function consists of nested sets.



Figurel: SETCOVER graph withn=4

Proof. Let ((ts),(fe)) be an optimal solution for USSP, and as-
sume that there are sets Sy, S, such that neither S; € S nor S, C Sy,
yetts, > 0andts, > 0. Without loss of generality, assume that tg >
ts,- Consider a solution which instead sets tg, = 0, tg =ts, —ts,,
andtg g, =tsus, +is,, aswellastg (g =tgns, +ts,- In the new
solution, each node still needs to transmit the same amount of data,
so ((t5), (fe)) is still feasible.

Since each set other than S1,S,,S1 USy, and S; NSy, still transmits
the same amount of data, the change in the total system utility is

U(S1USp) -ts, +uU(S1NSy) -ts, —U(S1) - ts, —U(S2) - ts,
= 1['.)32~(U(51 US2) +u(S1NS2) —u(S1) —u(S2))
> )

by the supermodularity of u. This reduces the number of pairs
(S1,S2) of non-nested sets by one, as it can be easily verified that
whenever S; US; is not nested with some set §’, then at least one
of S1,S, is not nested with ', either. Thus, we can continue this
process inductively, and arrive at a nested solution of at least the
same total utility. [ |

While this lemma shows that the optimum solution gathers data
from at most n sets, it unluckily does not restrict the class of sets
that these could be drawn from, and thus, does not restrict the size
of the LP. Hence, it does not suggest a polynomial-time algorithm.
Indeed, we conjecture that USSP is NP-complete for supermodular
functions. While we currently have no proof of this conjecture, we
can show that the version requiring integral data amounts to be sent
is not only NP-hard, but cannot be approximated unless P=NP.

THEOREM 3. IUSSP with supermodular utility functions is NP-
hard. Unless P=NP, it cannot be approximated to within any mul-
tiplicative factor.

Proof. We will prove that it is NP-hard to decide if the system ad-
mits a solution with positive total utility. That proves both the NP-
hardness and approximation hardness result. We reduce from the
decision version of SETCOVER: Given a universe U = {1,...,n},
and a collection of subsets S; CU fori=1,....m, is there a col-
lection of k sets Si, covering the entire universe, i.e., such that
Uk, si, =U.

Given an instance of SETCOVER, we construct an instance of
IUSSP with a supermodular utility function. The graph has one
node v; for each set S;, as well as a bottleneck node V and the root
r. There is a directed link from each v;j to v, and from V to r. All
links e have transmission cost Te = 1, and all sensing costs are 0.
The initial energy of each v; is 1, while the initial energy of Vv is k.
The resulting graph for four sets is shown in Figure 1.

To complete the reduction, we need to specify the utility func-
tion. Forany node set T C {v1,...,Vm}, we define the utility u(T) :=

27! if Uiiet Si =U, and u(T ) := 0 otherwise. This reduction can
be computed in polynomial time. The utility function, although
defining the value for 2™ subsets, can be specified in polynomial
space (and time) by giving the collection of sets S;. It is also not
difficult to verify that u is in fact supermodular, by considering the
three cases that neither T, nor T, defines a set cover, that exactly
one of them does, and that both of them do.

We now claim that a positive total utility can be achieved in this
setting if and only if the SETCOVER instance had a solution of size
at most k. If {Sj;} is a set cover of size at most k, then it is easy
to see that the node set {vj; } leads to a feasible solution, of utility

2K > 0. Conversely, if {vi, } is a node set contributing total utility
to an IUSSP solution, we first observe that by feasibility, it has size
at most k. Furthermore, since the utility is positive, {Sj; } must be
a SETCOVER by the definition of u. Thus, we have established the
claim, proving both hardness results. [ |

Notice that the same hardness results carry over to the case when
we are seeking a single set to send an integral amount of data, i.e.,
the integral version of UOSSP.

4.1 Set-weighted functions

While Theorem 3 shows a very strong hardness result for IUSSP
with supermodular functions, the functions it uses in the reduction
are arguably not very natural in the context of sensor networks. In
particular, one would assume that most utility functions specified
by applications have a more explicit compact representation. Here,
we focus on a further restriction on supermodular functions.

We term the class of functions set-weighted utility functions. A
set-weighted utility function is characterized by a collection &2 of
sets, and for each set P € & a non-negative weight wp. The utility
of a set S is then defined as u(S) = S pcgpe o Wp. If the collection
2 is small enough (for instance, polynomial in n), then it provides
a natural and compact representation of u. Also notice that any
function u defined in this way is always supermodular.

For set-weighted utility functions, we can in fact find the opti-
mum solution to USSP by solving a linear program. The insight for
this linear program is based on Lemma 2: the optimum solution for
any supermodular utility function without loss of generality con-
sists of a nested collection of sets. In particular, we can think of
this collection as being ordered by decreasing size. Then, any solu-
tion can be fully characterized by specifying how much data each
node sends, or, equivalently, how long each node sends. Suppose
that up to some time t, all nodes in S still send data (or, the nodes
in S each send t or more units of data). Then, these nodes up to
time t contribute utility t-u(S) =t- Y pcgpe o Wp. Based on this
observation, and changing the order of summation in the objective
function, we can rewrite the linear program for USSP as follows:

Maximize SpcpWp-tp

subjectto  tp < sy WPePveP
Yeest(v) fe—Yecs v fe = sv WH#T
Yees+(v) Tefe+ Ovsy < Ey WH#r

Notice that we are introducing variables sy, for the amount of data
sent by each node v. By expressing the utility function in terms of
contributions by subsets, we managed to eliminate the terms for
sets other than the P € &2. By solving this polynomial-sized LP,
we can find an optimal solution to USSP in polynomial time.

4.2 Set-weighted single set selection

In the context of understanding the solutions to the USSP prob-
lem, an important question is which single set is most cost-effective,



i.e., gives the largest utility for its energy consumption. In other
words, which set S maximizes the product of the set’s utility u(S)
and the lifetime of the system if only S sends data? This is the prob-
lem termed UOSSP above. Here, we show that even for the special
case of set-weighted supermodular functions, the UOSSP problem
is NP-hard.

THEOREM 4. UOSSP with set-weighted supermodular functions
is NP-hard.

Proof. We will give a reduction from the densest k-subgraph prob-
lem [17, 18]: Given a graph G = (V,E) and a number k, as well as
a density requirement p, is there a subset S C V of size at most k
containing at least p -k edges. (Here, we say that S contains an edge
e if it contains both of its endpoints.)

Given an instance of the densest k-subgraph problem, we con-
struct an instance of UOSSP with a set-weighted utility function as
follows: The graph G’ = (V’,E’) consists of a sink node r, two bot-
tleneck nodes Vi1,V,, and a node v for each v of the given graph G.
Each such node v is connected to the bottleneck node V,, and both
bottleneck nodes are connected to the sink r. All sensing costs are
0, and all transmission costs are 1. All nodes have initial energy of
1, with the exception of node V,, which has initial energy of k.

The collection &7 contains each pair (u,v) of G’ such that (u,v) €
E is an edge of the given graph, and assigns them a weight of 1.
In addition, the node Vv is in &2 as a singleton set, having very
large weight 14 |E| - k. We claim that the given graph contains a
k-subgraph of density at least p if and only if there is a node set to
sense that gives total utility at least 1 +k- (|[E| + p).

For the first direction, observe that if the set S contains at most k
nodes and has density p, then sending one unit of data each from
nodes V; and from all nodes v € S gives the desired total utility.
Conversely, we first observe that the maximum utility that can be
obtained without including V; is at most k|E|, as the nodes can send
at most k units of data, and the utility of any such set of nodes is
at most |E|. Thus, the optimum solution will always send one unit
of data from v, and is thus also forced to send at most one unit
of data from each other node v. But then, it will always send data
from exactly k nodes other than Vv (else, some of the energy of V,
would go unused). Since the total utility was assumed to be at least
1+k-(|E|+ p), the utility of the set S of nodes other than V3 must
be at least p - k. This in turn means that the set S contains at least
p -k edges in G. This proves the correctness of the reduction, and
thus the NP-hardness of the problem. [ |

While the UOSSP problem for set-weighted supermodular func-
tions is NP-hard to solve optimally, it can be approximated to within
a factor of O(logn) within polynomial time, using an LP-rounding
based approach. The algorithm first solves the corresponding lin-
ear program for USSP (which is also the natural linear program for
UOSSP) in polynomial time, and then considers all candidate node
sets Cx of the form Cx = {v €V | sy > x}. Among all such sets Cy,
it chooses the one maximizing the product of u(Cx) and the system
lifetime if all of Cx sends. Notice that the algorithm only needs to
look at such sets Cx for values x = s, for some v. Thus, at most n
different sets need to be considered. For each set, calculating the
system lifetime is done in turn by solving the corresponding flow
LP.

The proof of the O(logn) approximation guarantee is based on
the following useful lemma.

LEMMA 5. If X; > Xp > X3 > ... > X > 0 are k real numbers
with associated non-negative rational weights wy,wo, ..., Wy, then

: k Y
maxy (x; - 34y wj) > 25485 where Hi = ¥, 1/i denotes the
k™ Harmonic number.

Proof. To prove the claim, we first consider the case when all wj =
1 (thus, Z'j:le =1i). Let i* be the index maximizing x; -i. Thus,
we have that x; < (i* -x;+)/i, and
k
i1 Xi
ZHi <
If the w; are not all equal to 1, then we first multiply all of them
by the common denominator to make them integers — notice that
multiplying all weights by the same constant does not affect the
validity of the inequality to be proved. Then, if the number x; has
weight w; € N, we replace it by w; copies of the number x;, each

with weight 1. Notice that this leaves both the left-hand side and

- _ - - - - k - i . z:(:lwixi
right-hand side in the inequality max{® ;(xi - 3\ _;wj) > 4

unchanged; for the right-hand side, this follows because w;x; is re-
placed by 2‘;"‘21 xi, and for the left-hand side, it can be seen that the

maximum after the replacement is attained at an index i’ such that
X is the w; " copy of the number x;. [

K1) . -
|*~xi*.2%k1/' = i = maxi(i-x).

Using this lemma, we can state and prove the approximation
guarantee for the LP-rounding algorithm.

THEOREM 6. The above approximation algorithm achieves an
O(logn) approximation ratio.

Proof. First, the utility of a fractional solution that can use at most
one set is certainly upper-bounded by the solution that is allowed
to use multiple sets, i.e., the value of the LP-solution of USSP is an
upper bound on the optimum UOSSP value.

If the algorithm selects a set Sy, then the lifetime of Sy is at least
X (since the fractional solution was able to send at least x units of
data for each node in Sy). Thus, the algorithm obtains total utility
at least

X-U(Sx) = X-3¥pcs pesWp.

If we sort the sets P € & by non-increasing tp values, number-
ing them Py, ..., Py, then we can rewrite and lower-bound the algo-
rithm’s total utility as maxk_, tp -yl W

On the other hand, the optimum Jfractional solution obtains total
utility z}‘zltplw.:l. By the above lemma, the ratio between these two
quantities is bounded by Hy = O(logk), which in turn is O(logn)
whenever the size of the collection 22 is polynomial in n. [ |

If we want to improve the approximation guarantee beyond the
factor O(logn) proved above, the approach will have to be based on
a different upper bound from the one given by the USSP LP. (Notice
that the USSP LP is also the natural LP relaxation for UOSSP.) For
the family of examples depicted in Figure 2 exhibits an O(logn) in-
tegrality gap in the LP. The graph has n nodes in addition to the root.
Each node is connected to the root through an edge of transmission
cost 1. All the other n sensor nodes have sensing cost 0, unit initial
energy 1, and weights 1,1/2,1/3,...,1/n. The fractional solution
sends 1/i units of data from each node i, for a total utility of Hp.
On the other hand, the UOSSP solution can only chose one set, all
of whose nodes have to send the same amount of data. Since any
set of i nodes can send at most 1/i units (one of them must be a
node with energy at most 1/i), the maximum utility for UOSSP is
1, proving an integrality gap of Hn, = Q(logn).

4.3 Greedy Algorithms

The O(logn) LP-rounding algorithm given above implicitly shows
that selecting the best single set gives utility within O(logn) of se-
lecting the best sequence. For many types of problems (such as
maximizing the value of a submodular monotone function f(S) on
sets S), simple greedy algorithms based on adding or removing one
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Figure2: O(logn) Integrality Gap Example

element at a time lead to optimal solutions or good approximations.
Here, we show that neither the greedy addition nor removal algo-
rithm will give a good approximation for supermodular functions.

Specifically, we consider the following two algorithms. In the
description, we let tg be the maximum amount of data that the set S
can send if no other nodes are sending data.

Addition Algorithm: Start with the empty set So = 0. In each
iteration i (until all the nodes are selected), always add the node
vi such that the total utility tg ;) - u(Si—1 U {vi}) is maximized.
(That is, set S; := Sj_1 U{v;}.) Output the best of all the S;.

Removal Algorithm: Start with all nodes Sy =V. In each itera-
tion i (until no nodes are left), always remove the node v; such that
the total utility tg \ (v -u(Sj_; \ {vj}) is maximized. (That is, set
S/ :=S{_; \ {v{}.) Output the best of all the S/.

Even if the two algorithms are combined (i.e., the better of their
solutions is output), the approximation guarantee can be as bad as
Q(n). The example has a network consisting of the sink r, a bot-
tleneck node V, and n other nodes v;. The bottleneck V is connected
to all other nodes with edges of transmission cost 1, and it has an
energy of 1. No other edges exist, and the energy of each v; is also
1. Then, it is easy to see that the amount of data that can be sent
by aset Sis 1/|S|, and hence, the optimum solution will be the one

maximizing us
The supermodular utility function u is defined as follows: We

partition the nodes vy, ...,V into Sy :={v1,vo} and Sy :={vs,...,vn}.

Their utilities are u(S;) = 3 — en for some very small constant &,
and u(Sy) = % +é&n. The utility of the entire setisu({vy,...,vn}) =

Each node in Sy has individual utility £/2, and each node in S;
has utility €. Any set S D S; has utility u(S) = u(S1) +€-SNSy|,
and any set S O Sy has u(S) = u(Sz) +£/2-|SNS;y|. Finally, all
other sets S have utility u(S) = €-|SNS,|+€/2-|SNSy|. Itis not
difficult to verify that this function u is indeed supermodular.

The greedy addition algorithm will add all nodes from S, first,
never encountering the set S; as a possible solution. Similarly, the
removal algorithm will remove the nodes from S; first. Hence, the
output of any solution based on the greedy algorithm will be the
set of all nodes, giving a total utility of 1/n. On the other hand,
the set S; can send half a unit of data, and thus achieves utility
%(1/2 —Ng) ~ %, which is better than the greedy solution by a
factor of Q(n).

5. GEOMETRIC PENALTY FUNCTIONS

In the previous two sections, we investigated the special cases of
submodular and supermodular utility functions. One of our main
goals was to find a compact representation for utility, as arbitrary
utility functions require specifying up to 2" different function val-
ues.

Another approach to obtain compactly represented utility func-
tions is based on the observation that the real-world application of
sensor networks frequently involves monitoring geometric entities
such as structures or habitats. In those cases, the quality of a so-
lution can often be characterized in terms of the average or maxi-
mum distance of “interesting” points on the geometric entity from
the measuring sensors.

Specifically, let A C R2 denote an area to be monitored, and
w: A — RT aweight function measuring how “important” it is to
measure any given point x € A. Notice that A may be discrete or
continuous. We let dyy be a distance metric measuring how effec-
tively a node at point x can measure the point y; most frequently, we
will use the Euclidean distance dyy = v/(x1 —y1)2 + (X2 —¥2)?,
but our framework also permits using different metrics, or distance
measures that are not truly metrics (such as the Euclidean distance
with the additional provision that the dyxy = oo if x and y are too
far apart). Given a set S of sensors, we use dgy to denote the dis-
tance of the point x from the sensor set, i.e., dgx = Minycsdyx.
Based on this notion of distance, we can define the weighted max-
imum and average distance penalty as P(S) = maxycadsy, and
P(S) = fieaWx - dsxdx. (If A is a discrete set, the integral should
be replaced by a sum.)

Based on this penalty, we can now define the utility of a set
to be inversely proportional to its penalty, i.e., u(S) := 1/f(S) or
u(S) :=1/p(S). Alternatively, we can phrase the problem as a
penalty minimization instead of a utility maximization. In partic-
ular, in many monitoring applications, the goal will be to chose
one best set of sensors that will monitor the environment. Thus,
the goal would be to choose a set S such that p(S)/ts or p(S)/ts is
minimized subject to the constraint that the set S can indeed send
ts units of data.

Unfortunately, the problem of choosing the best single set is NP-
hard for both of these objectives, at least if the amount of data sent
by all nodes must be integral.

THEOREM 7. Iftgis required to be integral, then finding the set
S minimizing p(S)/ts or p(S)/ts is NP-hard. In fact, unless P=NP,
B(S)/ts cannot be approximated to within better than 1.822.

Proof. We give reductions from the Euclidean k-median and Eu-
clidean k-center problems, respectively. The former was shown to
be NP-hard by Papadimitriou [19], and the latter was shown to be
hard to approximate to within 1.822 by Feder and Greene [20]. In
both cases, we are given a finite set of points A C R?, and are asked
to find a subset S C A of size at most k. For the k-median problem,
the objective is to minimize S 4 dsy, and for the k-center problem,
to minimize maxyeca dsx.

For the reduction, in both cases, we let A be the area to be cov-
ered by sensors. There is a sensor node vy with energy 1 located at
each point x € A, and all the vy are connected to a bottleneck node
V with edges of sending cost 1. The bottleneck in turn is connected
to the root r via an edge of sending cost 1, and has energy k.

To prove that this is a correct (and approximation-preserving, in
the case of k-center) reduction, first notice that if S is a solution for
k-center (or k-median), then having each node vy with x € S send
one unit is feasible, and gives exactly the same objective value.
Conversely, if S is the set of nodes sending data in a solution to the
sensor selection problem, then by integrality and the energy con-
straints of 1 on nodes v, each node in S sends exactly one unit of
data. But then, the objective function value of the set S as a solution
to k-center or k-median is exactly its penalty in the corresponding
sensor selection problem. This completes the proof. [ |

This result does not rule out the possibility that sending frac-
tional amounts of data may make the problem tractable, or the ex-



istence of good approximation algorithms for the objective p(S)/ts.
Indeed, as shown by Arora et al. [21], there is a Polynomial-Time
Approximation Scheme (PTAS) for the Euclidean k-median prob-
lem.

6. RELATED WORK

Energy-conservation in sensor networks has received a tremen-
dous amount of attention in the literature. For example, there is
extensive work on overhearing avoidance and node duty-cycling at
the MAC layer [22, 23, 24, 25]. As well, several pieces of work
have focused on topology control [26, 27, 28, 29] to conserve en-
ergy in dense deployments. Our utility-based sensor selection is
largely complementary, in that applications, rather than the system,
indicate which set of sensors should be active. Also complemen-
tary, for a similar reason, is work on increasing network lifetime
using energy-aware routing [1, 2, 3,4, 5, 6, 7, 8].

Utility functions have significant prior history in networking,
having been used to model architectural questions relating to net-
work QoS [30] and network pricing [31]. In the sensor networks lit-
erature, however, we have found relatively few applications thereof.
Perhaps closest to our work is that of Byers and Nasser [9], who
first proposed utility-based sensor selection. However, they have
analytically examined only the special class of utility functions
that depend exclusively on the size of the set. More recently, Isler
and Bajcsy [32] used utility functions to model the sensor selection
problem for target localization. By contrast to both these pieces of
work, we examine a broader class of utility functions. Finally, the
work of Mainland et al. [33] is tangentially relevant to ours. They
proposed a price-based resource management scheme for sensor
networks. Their focus is more on the mechanistic aspects of re-
source management, whereas ours is algorithmic.

7. CONCLUSIONS

In this paper, we have examined a utility-based sensor selec-
tion approach that enables sensor network applications to express
utilities associated with retrieving data from sets of sensors. We
study the feasibility of determining, subject to network lifetime
constraints, the sequence of sets whose data has the maximum total
utility.

We explore fractional and integral variants of the utility-based
sensor selection problem, as well as single-set variants thereof, on
three important classes of utility functions. We find that many vari-
ants are NP-hard, and some hard to approximate. On the other
hand, submodular functions can be optimized efficiently, and an
important subclass of supermodular functions admits a fractional
solution via solving an LP, and an O(logn)-approximation when
nodes are constrained to send the same amount of data. Finally, we
show that geometric utilities can be cast into a penalty framework
for which we are able to prove preliminary hardness results.

This paper should be considered a first step towards a much more
thorough exploration of utility-based sensor set selection. The utility-
based framework is a very natural way of expressing the true goal
of a senor network application, and being able to select (approxi-
mately) optimal schedules for practical classes of utility functions
is crucial in making the best use of a deployment. The geometric
penalty framework appears to lead to more tractable classes than,
e.g., supermodular functions, and we would not be surprised if ef-
ficient approximations are possible. Similarly, it would be desir-
able to derive matching upper and lower bounds for supermodular
functions, and to characterize more generally the classes of utility
functions that would be useful for sensor network applications.
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